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The fluctuations of charged particles produced in heavy-
ion collisions are studied in the Ginzburg-Landau description
of second-order phase tranistion. It is found that their eects
on the observable measures are large and should not be ig-
nored in comparing the dierence between the quark-gluon
plasma phase and the hadron gas phase.
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The proposition that the event-by-event fluctuations
of charged particles produced in high-energy heavy-ion
collisions can provide a signature of quark-gluon plasma
(QGP) has recently gained considerable attention [1{5].
The focus has mainly been in the identication of a mea-
sure that can dierentiate a QGP from a hadron gas
(HG), while minimizing the dependence on the volume
of the system. No consideration has been given to the
fluctuations introduced by the phase transition (PT) it-
self. On the assumption that the fluctuations of charges
are unaected by the PT process (which is presumably
of rst order), and giving due recognition to the fact that
the charges of quarks are fractional in QGP, measurable
quantities have been suggested that are distinctly dier-
ent for QGP as compared to their values in HG. Our
emphasis in this paper is complementary to those of the
above. We consider second-order PT, which is known to
introduce large fluctuations at the critical point [6]. We
study the charge fluctuations of only the hadrons as a
consequence of PT, since hadrons are the only observ-
ables. Our result turns out to be just the opposite of
what is expected in the work mentioned above. Thus
our investigation reported here can serve to distinguish
two basic scenarios: a rst-order PT in the bulk volume
of a QGP as discussed in [1{5], or a second-order PT
that takes place on the surface over an extended period
of time.
The basis of our study is the Ginzburg-Landau descrip-
tion [7] of second-order PT, the application of which to
multiparticle production was rst considered many years
ago [8]. More recently, the same formalism was used in
the study of the self-similar behavior in multiplicity fluc-
tuations in second-order PT [9]. The experimental inves-
tigation of the signature was, unfortunately, discouraged
by earlier failures to nd intermittency in nuclear colli-
sions on a misguided course that will be discussed be-
low. In this paper we generalize the formalism to include
isospin and calculate factorial moments of bivariate dis-
tributions for positive and negative charge particles. In
the end a numerical index ν emerges, which we propose
to serve as a signature of quark-hadron PT. To make
contact with the D measure that has been suggested in
[1,4], we consider another measure B that can clearly
distinguish the dierent types of charge fluctuations.
It is convenient to start with the coherent-state repre-
sentation for the statistical fluctuations since the multi-
plicity distribution of a pure coherent state jφi is Poisso-











dz jφ(z)j2 , (1)
where the property a(z)jφi = φ(z)jφi has been used. We
generalize this formalism by incorporating isospin and
treat ~φ and ~a(z) as isovectors [8]. The total average den-
sity of hadrons (assumed to be pions only) is then
D
~φ
~ay(z)~a(z) ~φE = ~φ(z)
2 , (2)
where each of pi+, pi− and pi0 has 1/3 probability of oc-
currence.
The dynamics of second-order PT is introduced by use














where a, b, and c depend on the temperature T . When T
is lowered below the critical temperature Tc, a becomes
negative, while b and c remain positive, and the system
makes a transition to the hadron phase whose density
fluctuates around
~φ0
2 = −a/2b. The hadronic multi-
plicity distribution is then given by
P (n+, n−, n0) = Z−1
Z






D~φ e−F [~φ], (5)




P 0(ni, jφij2), (6)









Since these quantities are meaningful only in the hadron
phase, we shall in the following consider only T < Tc,
where a < 0.
In applying this formalism to the high-energy heavy-
ion collisions, we assume that the QGP undergoes a
second-order PT to hadrons. Since longitudinal expan-
sion and transverse flow result in a temperature prole
that is higher in the interior of the cylindrical volume and
lower on the surface, the PT occurs on the surface where
hadrons are created and emitted. The hadron emission
process extends over the entire lifetime of the plasma,
so the fluctuation properties of the PT are likely to be
smeared over by overlapping hadronic clusters emitted
at dierent times, if one examines the event multiplici-
ties, which are obtained after integration over the entire
emission time. In [10] a procedure that involves making
pT selection is discussed for the purpose of limiting the
eective range of the emission time; it is shown there
that an analysis of the clustering property at the critical
point is rendered feasible by the use of the pT -cut pro-
cedure. We shall discuss the phenomenological analysis
of charge fluctuations in more detail below. For now, let
us set the stage of our theoretical analysis by choosing a
limited portion of the phase space, where the acceptance
is uniform, say a small but xed section of the azimuthal
angle φ, a very narrow range of pT (e.g., 0.2 < pT < 0.25
GeV/c), and a range of rapidity, δ, which we shall vary.
While the spatial variables of the 2D surface is denoted,
in general, by z in Eqs. (1) and (3), let us single out the
rapidity for explicit display and give the integrals
R
dz
the limits from 0 to δ.
The central aim of our proposed analysis is to nd a
measure of the charge fluctuations due to PT that can
characterize the critical behavior and yet be independent
of the details, more specically, the parameters a, b, c
and δ in Eq. (3). It has been found in previous studies
that the contribution of the derivative term, c j∂φ∂zj2,
in a mean-eld type approximation is not large enough
to signicantly change the results obtained without that
term [11,12]. We shall therefore in the following omit
that term and consider
F [~φ] = δ

a
~φ2 + b ~φ4

, (8)
where the constancy of ~φ is assumed inside δ. The value
of each of jφij itself is allowed to vary throughout the
complex plane in the functional integrals in Eqs. (4) and
(5).
In our search for a quantity that is independent of δ, a,












P (n+, n−, n0). (9)
If P (n+, n−, n0) were the statistical distribution given in
Eqs. (6) and (7), then (9) would yield fq1,q2 = 1 for any
q1 and q2. Deviation from this trivial result on account
of Eqs. (4) and (8) is then a measure of the eect of the
critical phenomenon on the charge fluctuations. Making















Changing the integration variables to the set s =
jφ+j2, t = jφ+j2 + jφ−j2, and u = j~φj2, so that only u






(q1+q2)/2 2B (q1 + 1, q2 + 1)















can be related to the parabolic cylinder function, but is
straightforwardly computable.
Although fq1,q2 has complicated dependence on δ, a
and b, dierent (q1, q2) moments have the same depen-
dence if q1 + q2  q is the same. Furthermore, the fac-
tor (δ/b)(q1+q2)/2 is cancelled for the normalized factorial







2B (q1 + 1, q2 + 1)







Evidently, Fq1,q2(x) is a function of x only. Its depen-
dence on x is shown in Fig. 1 in a log-log plot. No scaling
behavior can be seen. However, if we plot lnFq1,q2 vs
ln F2,2 as in Fig. 2, we nd a substantial region in which
the relationship is linear. In that linear region we can
write
Fq1,q2 / F βq1,q22,2 , (15)
which is a behavior that is independent of x. More ex-
plicitly, we can determine βq1,q2 by straightline ts of the
curves in Fig. 2 in the region 0.2 < ln F2,2 < 0.9. The re-
sult yields βq1,q2 as a function of only the sum, q1+q2 = q,
as can be seen directly from Eq. (14). That dependence
of βq on q is shown in Fig. 3. Apart from the point for
q = 2, it is a linear dependence of lnβq on ln(q−1). Thus
we can write
βq / (q − 1)ν , ν = 1.29. (16)
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This index ν is independent of x, and therefore of δ, a and
b (so long as a < 0, i.e., T < Tc). The scaling behaviors
(15) and (16) summarize the properties of charge fluctua-
tions in a second-order PT and culminate in a numerical
index ν that characterizes the critical phenomenon.
To make contact with the observables proposed in
[1{5], let us rst list the simple identities:
f1,0 = hn+i , f0,1 = hn−i , f1,1 = hn+n−i ,
f2,0 = hn+(n+ − 1)i , f0,2 = hn−(n− − 1)i . (17)
In terms of the usual denitions, Nch = n+ + n−, Q =











= 2 (f2,0 + f1,0 − f1,1) , (18)
where the symmetry fi,j = fj,i has been used. Let us





























hn+n−i / hNchi . (22)
It has been argued that D  4 whether the thermal sys-
tem is a QGP or a HG [1], so in that scenario we have
B  0 whatever hn+n−i / hNchi may be. That prediction
is distinctively dierent from 2 in our scenario. Thus the
measurement of B can decisively determine the nature of
the PT that the QGP system undergoes.
In order that our theoretical prediction can be applied
to the data, it is important that the data are analyzed
in the proper way, which is the subject we now address.
The factorial moments are known to lter out the statis-
tical fluctuations [13]. This can be seen, for instance, in
Eq. (10) where only the moments of the dynamical fac-
tor, e−F [φ], are calculated. However, the moments are
more eective if they can capture the rare events with
large spikes without being overwhelmed by the contribu-
tions from average multiplicities. In other words, if we,




n(n− 1)    (n− q + 1)Pn, (23)
we want fq to probe the high end of the distribution Pn
so that q  hni and only the less frequent events with
n  q can contribute to Eq. (23). That can be achieved
for heavy-ion collisions either by using extremely highly
q, or by making severe cuts in data selection to reduce
hni. Neither was done in previous analyses of the nuclear
data and nothing of interest was found in F2 or F3 in the
bulk data.
To test the power-law behaviors (15) and (16) and the
prediction B = 2, it is necessary to make cuts in the
data to best reveal the features of second-order PT. We
have mentioned earlier the importance to select parti-
cles within a narrow pT window. In the present context
such a pT cut achieves two goals: one, to reduce the
multiplicities to facilitate the factorial moment analysis
discussed above; two, to minimize the overlap of hadron
emissions at dierent times. The ideal situation to study
the critical behavior on the surface is to make a selec-
tion in the emission time. That being unrealistic exper-
imentally, a narrow pT cut is the next best avenue,
as discussed in [10]. Suppose that in a narrow pT win-
dow n+ and n− charged particles are collected in φ in
azimuthal angle and y = δ in rapidity. What we sug-
gest is that hNchi be only about 2 so that Fq1,q2 can be
calculated for Nch  q = q1 + q2 up to q about 10, as
shown in Fig. 1. Such values of Nch are large deviations
from hNchi, but represent only a tiny fraction of the to-
tal multiplicity produced in a typical event in heavy-ion
collisions. Thus the problem of overlap from dierent
emission times is minimized, while the characteristics of
charge fluctuations that convey the nature of the critical
behavior are retained. Of course, hNchi depends on the
sizes of the cuts. But our theoretical analysis based on
the Ginzburg-Landau description of second-order PT in-
dicates that the scaling exponent βq1,q2 , the index ν, and
the quotient B are all independent of the window sizes,
so long as there is enough statistics to render accurate
determination of fq1,q2 .
It is clear from Eqs. (18) and (19) that B involves
order-sum q not greater than 2, whereas the power-law
behavior of βq shown in Fig. 3 is for q > 2. Although
the former seems simpler to investigate, the smallness of
q requires hNchi  1 in order for the factorial moments
to exhibit the fluctuation properties at the far edge of
the multiplicity distributions. That in turn requires the
kinematical cuts to be very severe so that only in rare
events can Nch exceed q. As a consequence, the statisti-
cal errors may be large. For the latter study of βq, the
values of q are larger, so the cuts can be less severe to
allow hNchi to be larger. The experimental errors on βq
then may hopefully be small enough to render the deter-
mination of ν feasible. Whether q is small or large, our
analysis probes large fluctuations from the mean. That is
where the critical behavior makes its dominant features
manifest. In that respect our aim diers fundamentally
from those that focus only on the variances of the bulk
distributions of the charge particles. Another dierence
worthy of note is that the prediction of D  4 is based on
the assumption of hNchi  1, for which the phase space
cannot be too small, in sharp contrast to our requirement
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for B = 2.
We are well aware that our approach to the PT prob-
lem is somewhat idealized without due consideration of
the many complications that beset the realistic problem
in heavy-ion collisions. However, the contrast between
taking into account the fluctuations at the critical point
and not doing it at all is so great, and the predicted re-
sults on the proposed measures are so dierent, that even
the simple consideration done here based on the bare es-
sentials of second-order PT provides a useful diagnostic
tool for a rst-level determination of the type of PT that
occurs in heavy-ion collisions, a question to which we still
have no phenomenological indication for a crude answer.
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FIG. 1. Fq1,q2 vs x for various orders of the moments.
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FIG. 3. Power-law behavior of βq .
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